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Abstract 

Recently, it was suggested that the system of smeared black branes might provide a 
counter example to the Gubser-Mitra conjecture. Concerning to this issue, we have 
investigated the s-wave perturbation analysis to see how the stability of such system 
behaves. Some partial results are reported in this meeting. 
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It is known that a neutral static black string is unstable under small perturbations - the so-called Gregory- 
Laflamme instability jlj. When other physical quantities such as charge, angular momentum and cos- 
mological constant are added, however, its stability behavior becomes very diverse, depending on the 
values of those physical quantities and gravity theories |21ini- For instance, a certain class of charged 
black branes become stable as the amount of charge increases Concerning such change of stability 
behavior, Guber and Mitra conjectured that a noncompact uniform black brane becomes stable if and 
only if it becomes locally thermodynamically stable 0]. This Gubser-Mitra (GM) conjecture has been 
checked for various black brane solutions, and seems to hold well so far 

Recently, however, Bostock and Ross suggested that the GM conjecture might not hold for a certain 
black brane background having smeared electric charges along a circle In more detail, let us consider 
a gravity theory with a dilaton and a (p -I- 2)-form field strength whose action is given by 
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The metric for electrically charged dilatonic black p-brane solutions smeared on transverse circle is"^ 
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The mass and electric charge densities are given by 
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respectively. Bostock and Ross' claim is based on several interesting observations. As usual the stability of 
the black brane background above may be determined by checking whether or not there exists any regular 
threshold mode in its s-wave perturbation analysis. The threshold mode is a linearized solution which 
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■^The case of /3 = 1 (i.e., = 4 - 2(D - d){d - 2)/(D - 2)) corresponds to the one that Bostock and Ross considered. 
Here we give solutions for arbitrary values of a since we will consider the case of a = in the perturbation analysis below 
for simplicity. 
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is static. On the other hand, Harmark and Obers (HO) introduced an ansatz for any static black brane 
solution that is non-uniform in general, but still spherically symmetric in the direction perpendicular to 
the world volume 6 . In this ansatz the dilaton and gauge fields are given as in Eq.Q, and the metric 
has two unknown functions. Interestingly, it turns out that the equations of motion for these functions 
are independent of the 'charge' parameter /i. Thus, a solution for the uncharged case (i.e., /i = 0) gives 
rise to a solution for any value of non- vanishing /i as well. Since the linearized version of these field 
equations would have the same property of /x-independence, it presumably implies that the threshold 
unstable mode which is known to exist in the uncharged case must persist to exist for any value of /i with 
given ro, indicating the appearance of dynamical instability in any charged black brane background in 
Eq.©. However, regarding a segment of this black brane as a thermal system in the context of black hole 
thermodynamics, one can easily find that it becomes thermodynamically stable as the charge increases 
{i.e., for sinh^ /X > sinh^ /icr = ^/{d— 5)). Therefore, Bostock and Ross suggested in Ref.|Sj that the 
system of charged black branes smeared on a transverse circle in Eq.|2Jl provides a counter-example to 
the GM conjecture. 

Thus, it is of interest to explicitly perform the linearized stability analysis for smeared charged black 
branes in order to see if such claim is indeed correct. The extremal smeared black brane is defined as 
ro —>■ and /i — > cx) with rQ~^e^^ fixed, and is believed to be stable since it corresponds to a BPS state. 
However, the independence of the parameter fi in field equations implies that the threshold Kaluza-Klein 
(KK) mass behaves like m*{rQ,fi) = nvl^/ro where ttiq is a constant without depending on /x. Hence the 
threshold mass m* is independent of the 'charge' parameter. Consequently, the threshold mass does not 
seem to decrease down to zero, but seems to diverge in the extremal limit. Our stability analysis that is 
not based on the HO ansatz may also clarify this strange behavior. 



2 s-wave perturbation analysis 

For simplicity we consider the case of I? = 10 and a = p = 0. Then the linearized perturbation equations 
for SgMN — hi\iN, SFi\in, and Scf) become 

-F'^^^F^Qh^ - 1 [F^h'^ + S'J {2FP^5Fpq - ih^^Fp^F^'^)] = 0, (4) 

VmSF^'"" - WAjF^'^'hll - F^'P^Mhl - Vm(/ip - - 0, VH<t> - 0. (5) 

Note that the equation for the dilaton fluctuation is decoupled and so one can set 5(f) ~ 0. It should be 
pointed out that (5F — 5(j) — Q in the analysis based on the HO ansatz. For threshold modes in s-wave 
fluctuations, one may assume 

h^^ = e^™Miag(^(r), V'(r), x{r), x{r), 0), 

5¥ = e""^ {A{r)dr A dt + B{r)dr A dz + C{r)dt A dz + D{r)de^ A • • • A dO'^-^) . (6) 

The Bianchi identity (i.e., d5¥ = 0) gives D{r) — and A{r) = im~^C' [r). Both the /ij-component 
in Eq.Q and the r-component in Eq.(|SJ) give B{r) = 0. Thus, it leads to four second-order and two 
first-order coupled ordinary differential equations for four unknown functions ^p{r), ip{r), x(r), and C{r) = 
imP(r). 

Further reduction finally gives 

,, + 2rl , Sm^r*^ 3 , Irri^r^ 21 , AQni^r^ , , 

+~r6 eT"^ ^ ~6 6"^ n W\'V - -R oV + ^a e^X g &X = ^-, (7) 

„ 2(7r6-4r^) , 6(m'^r^ + 2r'^) 1 , mV^ 1 . m'^r^ ~ 12r^ , 

2(49r6 -I- 25r^5) , 6m^r^ 486 , A{2m\'^ ~ 21r'^) 

7r(r6-t-rg6) " ^6 _ ^6 + 7r(r6 -hr§6)^ - ^ 

6[Ur^^ + i22b - 7)r^r^ - Ibrl^] , ^2[m^r^ + 2r^) 
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Figure 1: Threshold masses for varying b = sinh n 



where b = sinh^ /i. Note that, as can be expected from the form of background fields in Eq.(j2J), the 
ro dependence in perturbation equations above can completely be eliminated by rescaling r and m as 
f = r/ro and m = mrp, respectively.'^ 

By using Mathematica, for a given value of the 'charge' parameter b we have numerically searched for the 
value of TO which allows a mode solution of these coupled equations that is regular between the horizon 
(i.e., f ~ 1) and the spatial infinity (i.e., f ~ oo). If there exists no such non-vanishing value of to, it 
indicates at least no s-wave mode instability in the backgrounds corresponding to that given value of 
b = sinh^ /i and an arbitrary horizon radius of ro(> 0). Our numerical results obtained are shown in Fig^ 
This numerical search has been performed for various values of & up to & = 3.0. Since the extremality 
parameter for a given mass density M may be defined asq — Q/Qmax = {d—3)y/b{l + b)/{d—2 + {d—3)b), 
this value of 6 = 3.0 corresponds to g ~ 0.83 which is somewhat close to the extremal point q — 1- 
For the uncharged case {i.e., 6 = 0) three coupled equations reduce to a single equation, and numerical 
calculations show that a regular solution exists when the KK mass parameter is around fh ~ 2.34. The 
heat capacity changes its sign from — to + at 6 = 6cr = 1/4. Thus, if the GM conjecture still holds 
for this system of smeared black branes, it predicts that the value of m decreases down to zero when b 
approaches to 6cr as indicated in Fig^by a dotted curve. As can be seen in Fig^ our numerical results 
do not seem to follow such behavior. Instead, it seems that unstable modes still persists to exist even for 
b > &cr, at least up to & = 3. However, our results presumably contain lots of numerical error since there 
appear multiple points for a given value of b. 



3 Discussion 

To conclude we have considered s-wave linearized stability analysis for electrically charged smeared black 
brane backgrounds without using the HO ansatz. It is seemingly that this class of black branes provides 
a counter example to the GM conjecture as suggested by Bostock and Ross in Ref.'S'. However, it is 

*In addition, we have z = z/tq and t = t/rg. 
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necessary to reduce numerical error in order for our result to be more conclusive. 

It should be pointed out that Eq.® depends on the 'charge' parameter b although Eqs.Q and © are 
independent of b. Hence threshold masses fh allowing regular mode solutions are generically expected 
to depend on the value of the 'charge' parameter b, which is in disagreement with the expectation in 
Bostock and Ross' analysis based on the HO ansatz. For the extremal black brane rg — > and 6 — s- oo 
with brQ fixed. Since rairQ^b) = 'm(b)/rQ, the threshold mass m will diverge in the extremal limit unless 
fh decreases faster than b^^^^. Although it is not definite, ifi in FigQldoes not seem to decrease much 
down to zero as b increases, implying that the threshold mass probably diverges in the extremal limit. 
This singular behavior may be consistent with the fact that curvature at the horizon which is given by 

pA/^PQ 48(2303 - 58526 + 7937b^) 
RmnpqR 49(1 + 6)18/7,4 (10) 

diverges as the smeared black brane in consideration approaches the extremal point. In Bostock and Ross' 
analysis the similar asymptotic behavior of m is expected since fh is simply a non- vanishing constant, 
independent of b. Thus, it is very interesting to understand how this feature is consistent with the 
expectation that the extremal smeared black brane is stable under small perturbations. 
Finally, let us speculate why the GM conjecture may not work for this system of electrically charged 
smeared black branes in the context of Reall's proof for the conjecture in Ref.^T*. Ignoring the overall 
conformal factor, one can express the metric of the smeared black string considered at the present work 
as follows; 

dsls-dsl^ + H{r)dz\ (11) 

Note that H{r) = 1 for the class of charged black brane backgrounds in Reall's partial proof of the 
conjecture The s-wave perturbation analysis for the metric in the form of Ea.()ll|l gives 



where is the Euclidean Lichnerowicz operator for the black hole part in Eq. , H^^, the metric per- 
turbation of that black hole, and A — —m?/2. As was shown in Reall's proof, the sign of the heat capacity 
of the black hole system can be related to the sign of the Euclidean action integral / -ff^^A^iJ^^ ^ Acff. 
The existence of classical dynamical instability implies that there is indeed a threshold mode, i.e., a 
non-vanishing m and so negative A. Therefore, it might be possible for b > 6cr that the heat capacity is 
positive (i.e., Acff > 0) whereas a black brane is still unstable (i.e., A < 0). That is, such violation of the 
GM conjecture might occur due to the non-flatness in the smeared direction. Further investigations for 
this interesting issue are required in more detail. 



We find the work [H] in which it is argued that the GM conjecture continues to hold for the cases considered 
at the present paper, contrary to the claims of Ref. 5 and our present work. 
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